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Recap : week 6
-

Basic Topology of IR

( topologies are characterised by the open
sets )

Open set = O is open ⇐ txt 0 ,

7- E > 0
,
Vek) E O

.

¥5#
Vax) = (X - E. Xt E)

Intuitively speaking :

"

for every point x E O , you can

Zoom in close enough to find a neighborhood of x

entirely contained in O
' '

Limit point :
X is a limit point of A ⇒ HE > o

,

I Yt Vecx ) n A
,
Yt x

x is an isolated point of A ⇐) x is not a limit point ofA

TEE
W

Vax) = ( x- E , # E)

Intuitively speaking :
"
no matter how close you zoom in

,

you can always find a point of A in the neighborhood
of x other than x itself

"

closed set : C is closed

⇐ Vx
. (x is a limit point of C → XEC )

"

C contains all its limit points
' '

also : C is closed ⇒ Cc is open ( later )

closure : the closure of A is At ⇐ I --AUL where L is

the set of limit points of A



Characterisation of open sets :
" arbitrary union of open sets is open

"
i

For any collection of subsets of IR (Oi)ieI
,

f- if I ,
Oi is open ) → ¥+0 , is open .

"

finite intersection of open sets is open
"
:

Tnt IN
.
( Oi is open for Kien ) → Oi is open .

Equivalent characterisation of limit points

I kn) CA
x is a limit point of A ⇐ { xntx , Fatin

( im
neo

Xu = ×

In other words :
"
x is the limit of a sequence
in A which does not include a

"

Equivalent characterisation of closedness

C is closed ⇒ every Cauchy / convergent sequence
in C has its limit in C

' '

arbitrary intersection of closed sets is closed " ?

For any collection of subsets of IR (Ci )ieI
( HIEI , Ci is closed ) → in, Ci is closed

" finite union of closed sets is closed
"

:

VNEIN
,
( Ci is closed for Kien) → ¥

,

Ci is closed
.



Equivalent characterisation of closure

A- is the closure of A ⇐ I is the intention of
sets { CEIR : A EC

,

C is closed }
Check : • this intersection is closed because it is

the intersection of ( uncountable many )
closed sets

• if C is closed and CZA
, then IEC

.

Reminder : not open t
closed l

not closed t open
-

Examples :

( o , I] is not open since Veli ) I (oil] V-E > 0

( o , I] is not closed since O is a limit point
of lo , I] yet 0 Et co , I] .

A in Q3 is neither open nor closed
.



(b) (c)
la)

Ca ) ⇒ ( o ,# ) = 01 .

Proof -

. If x # Oo = ( oil ) then x# ⇐ (o ,#i )

If X E Oo = Co , I ) ,
then there exists NEIN such that

× > ¥
.

Thus
, x et lo , ¥ ) and XE II ( o ,#

.

§ is empty ,
and in fact it is open ( therefore it is not

a correct example ) .

lb ) Io l - htt .

htt ) = 303
,
which is non -empty and closed

( also not open) .

Proof : O E tutti
.
htt ) th HN ⇒ O E Io tutti ,

¥ )

⇒ so } E Etna
.

Fei ) .

Suppose x to .
If x I 00=1-1,1 ) ,

then + I # On .

If XE Lo , l ) ,
then there exists N E IN such that

X >
.
Thus

, XA t- Fei
,
¥ and xk E

.

f- IT
,
)
.

If x E C- I , o ) ,
then there exists N E IN such that

Xa - Fi .

Thus
,
x # l- Fi , Fa ) and x El Iol - Fi , htt).



(C) IF I- Fi, , It# i ) = Io , D which is non - empty and

closed ( also not open ) . The proof is similar to

example Cb)
.

Infinite intersection of open sets may also be neither

open nor closed .

For example , Eco ,
tutti ) = co

. I]
.



In Ql
,
we were taking intersections and that's why

we considered nested sequences ( One , E On ) .

In Q2
,
we are instead working with unions and

therefore we should consider expanding sequences (Anti 2 An)
to construct such an example .

The three given examples don't work because they are nested
.

Hence
, Eo An = Ao

,
which is closed

.

Example that works : An = [ Iti
,
I -¥]

.

Notice the lower

end points are decreasing ,

and the
upper end points are

increasing .

A

claim : U An = ( o , l )
.

f- 0

Proof : Vn EIN , An E Con ) ⇒ n§ An C- ( oil )

Let XE (oil ) be fixed .

Then
, there exists Ni

,
Nz C- IN such

that x >
I I- x > HTT .

Let N= Max IN , . Nz } .
Natl 1

Then
, NITE ex al- ji El - Fei ⇒ xt-LF.tv#if=AN

This shows that coil ) E E. An . Therefore , II. An = coil ) .



Similar to Ql
,
the union of infinitely many closed sets

may be neither closed nor open . For example , consider

An = Inti
,
I ] ,

An = ( o
,

I ]
.



= f - I , -3 .

- I
.
I . - - - }

la ) Let's prove that I is a limit point of A .

Let E >o be fixed . Let NEIN be even such that

X 7
Is
Ntl -

Then
,
HE > I- ITI 7 I- E

⇒ I - # = th
"
- Fa EA ,| I- HTT E Veil) = Ct - E, HE) ,

I - ¥71 .

Therefore , I is a limit point of A .

I

similarly , t is also a limit point of A .

The proof is analogous .

(b) No
,

A is not open .

In fact , every non - empty countable set

is not open .

Proof : suppose A is non -empty and open .
let XEA

.

Then
,

there exists E > o such that Vecx ) EA
.
But Vax ) = (X - E.NE)

is a non- empty interval in IR
, which contains uncountaby many

numbers .
Thus

, A is uncountable . Now
,
take the contrapositive

of the statement .



(c) No
,
A is not closed because I is a limit point

of A yet it A .

(d) Since none of the points in A is a limit point of A ,
every point in A is an isolated point of A .

(e) I = A 03-1 , I }
.



Proof :
let a C- A
a is an isolated point of A

⇒ a is NOT a limit point of A

⇒ THE> o , ( Vela) AA ) i la 's to ]
⇐ 7- Go

, (Vela ) n A) I 3 a } = 4 .

But 7- E> o , (Vela) AA ) Ya} = of } ⇐ 7- e > o
,
Vela) AA - ha}

.

at Voda)
at A

Hence
, a is an isolated point of A ⇐ 7- E > o

. Vel ha-ha}j
.

We can strengthen the result a little bit and use it in Q5
.

Now , we no longer assume that atA
.
From the derivation above

,

a is an isolated point of A
⇐ I E>o

,
( Vela) AA ) ya} = of .

But I E >o , (Vela) n A) n 3 a} = if ⇐ IE>o , Vela) AA E ha} .

Hence
, a is an isolated point of A if and only if

7- E> o
, Vela) n A E ha} .



By the stronger version of Q4 ,
there exist 8

, > o ,
8
, > o ,

such that

Vd
,
Cx ) n A E 1×3

,
Vor
,
ex ) n B E 3×3

.

Let d = min Id. .
oh}

.
Then

,

Voix ) n ( AUB) = (Voix) n A) U ( Voix ) n B )
C- (Vo

,
Cx ) AA ) U (Voix ) n B )

C- 3×3 u 3×3 = 3×3
.

By the stronger version of Q4
,
x is an isolated point of

AUB
, contradicting the premise that x is a limit point

of A UB . I



Proof :

proof of it AvB- E A'UI
"
i

suppose that Xt AUT
case 1 : * TAUB

case I - I = XEA ⇒ xtA ⇒ xtAuB
case 1.2 I XEB ⇒ XERT ⇒ *c-A'UI .

Case 2 : x is a limit point of AUB
.

Then
, by Qs ,

x is either a limit point of A or a

limit point of B .

Case 2.1 : x is a limit point of A ⇒ xtA
⇒ x c- A'VI

.

Case 2.2 : x is a limit point of B ⇒ X EB

⇒ XE EUI
.

Therefore , AUT E F U B- .

- 4

proof of ' ' A'VIE AUB '

.

We use the fact that for two sets C. D
.

C E D ⇒ c- C- 15
.

A C- AUB ⇒ I EATB
BE AUB ⇒ Be Aug } ⇒ ATB- EAUBT .

I



Proof that CE D ⇒ I ED
.

Suppose CED and XE E
.

Case I : x E C =) XE D ⇒ x C- D-
.

Case 2 : X is a limit point of C

⇒ Ve >o
,
(Vecx) n e ) 13×3 to

⇒ V-E > o
,
( Vexin D ) thx} to

⇒ x is a limit point of D

⇒ xEI
.

Therefore , we conclude that I E 5
.

Alternatively
, by the equivalent characterisation of closure

,

c- = AIA
,

A
,
where AE LA EIR : A is closed

,
A Z C}

D- = Area
,,

A ,
where Ap =3 AEIR : A is closed

,
AZ D} .

Since CED , if A- EAD , then A Etc .

Hence
,

A-DE Ac
.

⇒ c- = feta A = ↳
A ) h (AHA

,>

A )

=D n (¥aaµ
,
A) C- 5 .

This is more intuitive .
Since there are

"

more
" closed sets

containing C than closed sets containing D , E is the

intersection of
"

more
"

sets compared to D-
.
hence I ED

.


