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Recap : Week 6
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1. Give an example of an infinite collection of nested open sets
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2. Give an example of a collection of closed sets whose union is not closed.

Hint. Unfortunately, none of these works:

A=[0,——] A= ] A= [— |

) n ) n - 71+
n+1 n+1 n+1 n+1 n+1

Try to modify it so that A, C A,.1.

Ta UL, we wen M\t\/\ﬂ ntersection S andh thad /s W 7/
wWwe Ool/\gid@re& V\'QS'\'QA ge‘iwnc'es [ Ov\+\ g—' OV\ ) _
Ta Q2 we are  Smstend  Workdag  with  wniong  endl

—H/‘QIPZ.‘FBPQ W QV\W\[(J\ Oemg'idQ/V' eﬁFO«V\dn\/ﬂ CQ({V\QV\CD_S CAn»\—\sz‘)
o (onStract  Guda oaw b(hlmvke_

e Haee 5:.,:?,. exomes don't wovk pe s —HQ\/F one  pested.,
Hwma |, U Al = Ay, vtk s closed.

= <,

EMMPUL Hnot- V""rk§7 A’V\ = = \'_\,jrﬁ Notiw +re  |ower

and points  ane o‘\flcms.\«j ) anh  Flre uFng- end };ofvd-s owe

twerea ‘5\‘\/\3 .

Cy

C,LC\:W\_' An = C°| l)_

s

=0

oo
PV‘oe&:: V’V\&W, A'Vl - (,0/\) =) vk\iA‘w & Cbll>

Let xe (01) 2 Lol Thn, tare exss A, Na 6N swel
that  xode\-x Ty . Lt nE owex A, AL

‘ l \ L (g
‘d/evx, 'I@(Te—N—la 4)(4[_;]';;(“9\- Uy =) xooeLm,Ff\,«;l]:AN
This  chows Yhat  (s,1) & QDAM, ’\Vow{ew, .}ioA": (o).



gfmi\c.v +v &\, the.  watom o-[: ?W[:IV\TR\\/ WUM/ closed seits
w\m[ be nel ther OLOSQd\ nor 0\7—0/\. For eth?kz, Longd0

Ao = La, \]

-

AV\ = Lo, l.],

s

A



n
3. Let A= (—1)" ‘neNp. = X 2 24
{<)n—|—1 }-‘% l;g,—TF, <~ -

(a) Show that 1 and —1 are two limit points of A. (We leave the justification that
no other points are limit points of A to the Additional Exercise Question 2
below.)

(b) Is A an open set?

(c) Is A a closed set?

(d) Find the isolated points of A.

(e) Find A, the closure of A.
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4. Let a € A. Prove that a is an isolated point of A if and only if there exists an
e-neighborhood V.(a) such that V.(a) N A = {a}.
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5. Let A and B be any two sets of real numbers. Prove that if  is a limit point of
AU B, then z is either a limit point of A or a limit point of B (maybe both).

Hint. We can prove this by contradiction.

Assume that x is neither a limit point of A nor a limit point of B. Then there exist
07 and &9 > 0 such that the neighborhood Vs, () N A does not contain any element,

except possibly z, and the neighborhood Vs, (z) N B does not contain any element,
except possibly z.
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6. Let A and B be any two sets of real numbers. Prove that the closure of AU B is
equal to the union of the closures of A and B.
Hint. To show “AU B C AU B”: use Question 5.
To show “AUB D AU B”: it suffices to show AUB O A and AUB D B. Why

are these true?
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