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Recap = Week 7
-

compactness
Definition :

K is compact ⇐ every infinite sequence in K
has a convergent subsequence
with limit in K

.

( actually ,
this is called sequential

compactness )

An open cover of A is a collection of open sets

{ On : NEA } such that ¥ On Z A
.

Equivalent characterisations of compactness in IR : Cor IRD )

Heine - Boel fla ) K is compact ( "every infinite sequence .
. .

" )

theorem vlb) K is closed and bounded

(c) every open cover of K has a finite subcover

Intuitively ,
a compact set behaves in many ways

like a finite set
.

e- 9 . A is compact ⇒ min A
,
Max A exist

A- is finite ⇒ min A ,
Max A exist

From later

suppose f : IR → IR is continuous

A is compact ⇒ FCA ) is compact
A is finite ⇒ f-CAI is finite



Approach l : ( by the Heine - Borel theorem )

Proof :
since k is compact , we have by the Heine - Boel theorem

that K is closed and bounded
.

K n F E k is also bounded
.

⇒
K n F is also closed because both K and F are closed

.

Hence
, by the Heine - Borel theorem , Kh F is compact . I

Approach 2 : ( by definition )
Proof :

suppose Hn ) new C KAF is an infinite sequence .

We have lxnlneau C
'

k
,
which implies that there exists a

subsequence (Xn) Kew such that ( im Xn
,
= X E K

, by the
compactness of K .

K-so

Notice that Hnk ) Kew C F is also a convergent sequence in F
.

Hence
, by the closed ness of F

, we have XEF
.

Therefore , Chic ) Kew E (Xn)new C kn F with

¥7, Xnk ± XE kn 't ,

and thus kn 't is compact . II



Approach 3 : ( open cover )

Goal : every open cover of KAF admits a finite subcover
.

Sketch of the proof :
I
. Let 10x : AEA } be an open cover of kn F .

2
.
F is closed ⇒ F

'

is open ⇒ Ox OF
'

is open Vaea .

(try to fill in the intermediate steps yourself)

3 . I@au F
'

) : REA } is an open cover of K
.

⇒ by the compactness of K
,
there exists a finite subset

Hon
,
U F ) . (Onu E ) ,

- -
-

,
fan UFC ) } Choi -- tea}

such that it
,

(Og. UFC ) Z K
.

( try to fill in the intermediate steps yourself )

4 . I 0in '

- n
-

- I , - - i

,
N } is a finite suborner of Kh F .



(a) No .

An = n th EIN
. Every subsequence is unbounded

and is thus divergent .

(b) No , an -_ Max IF i MEIN , F- c E } then .

( Anthea C Q n Eo ,
I]

.

Iim an = -5 & Q n Eon] ( Any subsequence converges tou-70

the same limit
.
)

x ) No
.

an = n th EIN
. Same as ca) .

(d) Yes
,
because IR n coil ] is closed and bounded

.

(e) No
, an - th Liman = o but 0¥31 . I , - .

- }
n-70

( Any subsequence converges to the same limit . )

(f) Yes , because it is bounded and closed
.



Proof :

By the Heine - Borel theorem ,
K is closed and bounded

.

K is bounded from above ) ⇒ sup k exists .

K is non -empty

let sup k - Y EIR .

For every
n C- IN

,
since y - th < sup k ,

there exists

XNEK such that y - the Xu E sup k =y

Thus
,
(xn)new CK is a sequence in k with Hn- y 1st

.

lim Hu - y l E Lily, th = o ⇒ lim Xu = y - sup k .

mo n-soo

and sup k Ek by the closedness of K .

( Recall that K is closed ⇐ every Cauchy loonvergent sequence
in k has its limit in K )

.

The proof that inf KE k is analogous . I



Proof : Suppose A and B are both compact .

By the
.

Heine - Borel theorem :

A is compact ⇒ A is closed and bounded
B is compact ⇒ B is closed and bounded

consequently , the closedness of A U B follows from the closedness

of A and B ( because it is a finite union )
.

Regarding boundedness :
7. M

,
C- IR lat f Mi tf a C- A

7- Mz EIR lb l E Mz V b EB
Take M= Max {Mi

, 1h23

Axe AVB
,

HIS M ⇒ AUB is bounded
.

Therefore , by the Heine - Borel theorem ,
AUB is compact .

I

Proof by definition : suppose A and B are both compact .

Let Gn) new C A UB be an infinite sequence .

Then
,
one of (Hn )new MA ) and ( (xn ) new n B ) must be

infinite .
Assume without loss of generality that (Hn) new AA )

is infinite .

Then
,
there exists a subsequence @ne) Kew CA ,

which
,

by the compactness of A ,
admits a further subsequence (Xue,) ;eµ

with fish Xnk, = x EA and thus (xn ) near admits a

subsequence with limit in AUB . Therefore
,
AUB is compact . I .



Proof : suppose It and B are both compact .

Let 10x i AEA } be an arbitrary open cover of AUB ,

i. e . ¥ On Z AUB .

⇒ ¥, 0×2 A and ⇐ On ZB

⇒ ton idea} is an open cover of A ,
and

40,1 -

- REA } is an open cover of B .

Since A and B are compact ,
there exist AA C A , ABCA

with l Aal CD , table @
,
such that

¥
,

Od ZA
, ¥

,

Oa Z B ,

i. e . 40,1 : KEA # 3 is a finite suborner of A
,
and

10x : heaps} is a finite subcover of B .

Let IT = AA UAB .
We have IR lad

,
Ic A

.

¥, Od
=#¥0 " ) u (¥ , Od ) ZAUB .

Then
,

{ On : NET } is a finite snbcover of AUB .

Therefore , AUB is compact .
II



(b) an = Max {Fei i MEIN
,
Fi d F- } In EIN

bn = min 3 i

'

- MEIN
,

> £2 } thEIN

Let On = C- I ,
an) U Cbn

, Ez ) Antin .

Then
, It

,

on = C- I ,
-3 ) - 3£ } Z Q n coil ]

.

For any finite subset ton
, ,
On . .

- - -

, Oum } Chon : NEIN}
,

M

we have U On
,¢
= Onn = ( - I

, Ann ) U ( bnm ,
Zz )

KH

we know Ann < Ec brim ,

and thus

¥nm E n [o , I ] but am Eh ¥7 One
.

Hence
, { On : NEIN) does not admit a finite sub cover

.

c) Let on = C - n , n ) Hn EIN
.

Then
,
§

,
On - K

.

For
any subset Lon

. . Ons . - - -

is Onm } c 3 On : NEIN )
,

we have On
,
= Onn = C - nm , nm) F IR .

Hence
, { On : NEIN ) does not admit a finite subcover .


