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1. Suppose that K is a compact set and F' is a closed set. Prove that K N F is a
compact set.

Hint. Show K N F is closed and bounded. Alternatively, show that K N F satisfies
the definition of compactness.
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2. Decide whether the following sets are compact. For those that are not compact, give

an example of a sequence contained in the given set that does not have a subsequence
converging to a limit in the set.

(a) Q; (b) @nN0,1]; (c) R; (d) RN[0,1];
(e) {1, 1/2, 1/3, 1/4, 1/5, ...}; () {1, 1/2, 2/3, 3/4, 4/5, ...}
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3. Prove that if nonempty K is compact, then both sup K and inf K exist and are
elements of K.

Hint. Explain why sup K exists. To show sup K € K, show that there is some
sequence (x,) € K such that (z,) — sup K. Proof of inf K € K is similar.
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4. Prove that the union of two compact sets is compact via the Heine-Borel theorem.
Hint. Show that A U B is closed and bounded.
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5. Prove that the union of two compact sets is compact by using the property that
every open cover for a compact set K has a finite subcover.

Hint. Union of two finite subcovers is still a finite subcover.
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6. Give an example of a set X, and an open cover of X that does not have a finite
subcover.

Hint. Consider either X unbounded or not closed.
() @ (b) @N[0,1]; (O’ (@ RO, 1
(e) {1, 1/2, 1/3, 1/4, 1/5, ...}; () {1, 1/2, 2/3, 3/4, 4/5, ..}
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